In this paper, we perform a coverage analysis of a cellular massive multiple-input multiple-output (MaMIMO) network which adopts 3D beamforming. In contrast to the previous works on 3D beamforming which assume that all users are placed on the ground (i.e., in a 2D environment), we consider a more practical scenario where the users of the network are dropped in a 3D environment with different heights. In this scenario, by adopting a stochastic geometry framework, first we calculate the coverage probability of the network as a function of the users height. Then considering this coverage probability as the objective function, the optimum tilt angle of the base stations antenna pattern is found and the effect of users' heights on this tilt angle is investigated. Our numerical results show that by taking the users' heights into account and using the proposed method, a considerable improvement is achieved in the performance of the network compared to other similar 3D beamforming methods that ignore the users' height distribution.
I. INTRODUCTION
Massive multiple-input multiple-output (MaMIMO) in which a large number of antennas are deployed at base stations (BSs) of cellular networks has been proposed as one of the solutions for responding to the increasing capacity demands in 5G networks [1] . Providing high throughput, simple linear signal processing techniques, reducing interference, averaging out the small scale fading, removing uncorrelated noise and reducing the transmit power are among the main advantages of MaMIMO systems. However, in practice, MaMIMO systems have some problems including hardware complexities and the pilot contamination effect [2] .
One of the related emerging techniques that is proposed for 5G networks is 3D beamforming (3DBF) which is feasible if we use a large number of antennas at the BS. 3dBF can be applied both in analog or digital processing in the BS. In the analog 3DBF, the antenna radiation pattern of a cellular BS antenna array is adjusted in both the horizontal and the vertical planes. Therefore, by using this technique, the BS can efficiently transmit/receive signals to/from desired directions and at the same time reduce the inter-cell or intracell interferences from unwanted sources. This brings a significant improvement in the performance compared to the conventional 2D beamforming (2DBF) methods which ignore adaptation of the tilt angle of the BS [3] . In practice, due to large beamwidth of the BS antennas radiation pattern in the horizontal plane, the 3DBF methods are mainly focusing on vertical beamforming i.e. adjusting tilt angle of the BS's antenna array [3] - [7] . For example, by considering the tilt angle of the BS antenna pattern, the cell coverage of a multi-cell MaMIMO network is investigated in [4] . In [5] , a method for joint tilt angle optimization and transmit power allocation to maximize the sum spectral efficiency (SE) of a multi-cell MaMIMO network is proposed. A joint precoding and antenna tilt optimization for maximizing energy efficiency (EE) is also proposed in [7] .
In all the above papers and many other related research on the 3DBF, during optimizing the tilt angle of the BS antenna pattern, all users in a cell are assumed to be on the ground. More precisely, in those papers, the user terminals are assumed to be distributed in a 2D environment with zero height or in a fixed height (typically 1.5 m). Hence, the effect of different users' height is ignored in the 3DBF design. However, this assumption is not true in real cellular networks in which the users can be in high buildings or in other words, have different heights. In these scenarios, modeling of the users' distribution in a 3D environment is closer to real applications. To the best of our knowledge, the only paper that considers users height in the 3DBF problem is [6] where a single user single cell network is studied.
Motivated by the above facts, in this work we revisit the problem of the 3DBF in a multi-cell MaMIMO network, by assuming that the users are dropped in a 3D environment with different heights and investigate the effect of the users' height on the optimum tilt angles of the BSs. First, we calculate the coverage probability in the uplink of a multi-cell massive MIMO network that uses the 3DBF and in addition users are distributed 978-1-5386-3531-5/17/$31.00 c 2017 IEEE Fig. 1 : A cellular network with random BS deployment. randomly in different heights. Moreover, the effect of the pilot contamination is also considered. To make our analyses more tractable and closer to practical cellular networks, we adopt a stochastic geometry (SG) approach [8] for calculating the coverage probability. In this way, the locations of the BSs are modeled as a homogeneous Poisson point process (PPP). Also, it is assumed that the users are distributed randomly in a 3D environment.
Next, by using the calculated coverage probability as the objective function, the optimum tilt angle of the BSs antenna is found. Our simulations show that considering user's height in the analysis brings a significant performance gain compared to the methods that ignore users' height and only design the 3DBF method based on the location of the users on the x-y plane.
The rest of the paper is organized as follows: in Sec. II the proposed model for the system is described and in Sec. III the calculation of the coverage probability is presented. The tilt angle optimization problem is considered in Sec. IV. Numerical results are presented in Sec. V and finally, Sec. VI concludes the paper.
II. SYSTEM MODEL
We consider the uplink of a cellular network in which the location of the BSs are drawn from a homogeneous PPP, Φ, in R 2 with density λ m (see Fig. 1 ). Each BS is equipped with a very large number of antennas and serves K users, simultaneously. The k'th user in the j'th cell is denoted by UE jk (k = 1, 2, ..., K) and the i'th BS is denoted by BS i . The vertical gain of the BS i 's antenna radiation pattern in direction of the UE jk is denoted by α(β i , θ i jk ) and expressed as [9] α(β i , θ i jk ) = 10 −0.1×min 12
where as illustrated in Fig. 2 , β i is the tilt angle of the BS i antenna pattern (i.e., the angle between the horizon and the main lobe of the radiation pattern) and θ i jk denotes the vertical user's angle of arrival (i.e., angle between the horizon and the line that connects UE jk to the BS i ). Also θ 3dB and SLL el are the half-power beamwidth (HPBW) and the side lobe level of the BS i antenna pattern in the vertical domain, respectively. As we see in Fig. 2 ,
where H ef f jk = H BS − H jk denotes the effective height of the BS perceived by the UE jk . H BS and H jk are the height of the BSs and the UE jk , respectively, and the horizontal distance between the UE jk and the BS i is denoted by R i jk . Therefore, the received signal at the BS m is
where L(d i jk ), h i jk and d i jk are the path loss, small scale fading vector and the distance between the UE jk and the BS i , respectively. The path loss is obtained as
where C is a scaling factor and v is the path loss exponent. Also, x jk is the transmit signal from the UE jk and it is assumed that E |x jk | 2 = 1. Finally, Y l shows the locations of the BS l .
We assume that the UEs are located in different heights ranging from 1.5m for the users on the ground to 22m for the users located on a tall building. The BS height, H BS , is also set to 32m as in [9] . The effective height H ef f is between 10m and 30.5m and distributed according to a linear distribution as
which is a modified version of the distribution in [6] to taking into account the users located on the ground. Also, the parameter 0 ≤ a ≤ 1 denotes the users' fraction that are located on the ground and b and c are constants depending on the environment and users' height.
According to the SG approach and using the Slivnyak theorem [8] , we study the performance of a typical user. Hereafter, we use index 0 for the typical user and its serving BS. In the MaMIMO case and by considering the pilot contamination effect, the received SIR of the typical user at its serving BS can be expressed as
where N 0 u denotes the set of the positions of all interfering users in other cells that use the same pilot as the typical user. In (4), an asymptotic case is considered in which noise and small scale fading are averaged out and the denominator is the coherent interference due to the pilot contamination effect [1] . This SIR depends on the users' heights as well as the tilt angle of the BS antenna. Next, we derive the coverage probability of the network.
III. THE COVERAGE PROBABILITY
The coverage probability of the network is defined as
where τ is the SIR threshold value. It should be noted that the coverage definition in (5) is in fact the SINR coverage of the network which, as explained in Sec. II, in the massive MIMO systems and in the asymptotic regime of an infinite number of antennas at all the BSs, equals to the SIR coverage. In addition, to model N 0 u in (4) (i.e. the location of the users that generate pilot contamination), some approaches have been proposed e.g. in [10] . In this paper, we choose the solution in [10] in which N 0 u is approximated as a homogeneous PPP with the same density as the BSs but with excluding users that are inside a ball centered at the BS o and with radius R e . In this way, only users that have the distance larger than R e from the BS o and use the same pilot as the typical user are considered as the source of the pilot contamination for the typical user.
Using this model, the coverage probability of the typical user can be derived as follows. By substituting (4) in (5), we have
, the conditional probability in (6) is obtained as
where η = N (N !) − 1 N . N is a parameter that controls the accuracy of the approximation and R denotes the distance of the nearest BS to the typical user in which its probability density function (PDF) is f R (r) = 2πλr exp −πλr 2 . Also h 0 and h denote the effective height related to the typical user and interfering users in other cells that contribute to pilot contamination. (a) follows from the definition of G 0 , G , in (b) a dummy random variable g distributed as a normalized gamma variable with parameter N is used and the approximation in step (c) is derived using a similar method as in [11] . The final expectation in (7) is calculated as F (h0, r, x, n, τ) )dr (8) where
In (8) , the last equality comes from the probability
generating functional (PGFL) of the PPP [12] . Finally, the coverage probability of the network is obtained as (10) at the bottom of this page.
IV. TILT ANGLE OPTIMIZATION
The coverage probability derived in (8) , among other parameters, depends on the tilt angle of the BS antennas pattern as well as the users' height. In this section, using the above coverage probability as the objective function, we define an optimization problem to find the optimum tilt angle of the BSs' antenna pattern. This optimization problem can be written as follows
where P c is given by equation (10) . Unfortunately, the objective function in (11) is complicated and this problem can not be solved by analytical methods and a closed form solution can not be achieved. In next section, we solve this problem by numerical methods and the optimum tilt angle is found by a greedy search approach.
V. NUMERICAL ANALYSIS
In this section, we present the results of the simulations that we have performed for evaluating the performance of the proposed method. In simulations, we study the coverage of the network derived in (10) . We assume that the density of the BSs is λ = 5×10 −5 or λ = 10 −6 . The typical user's height is h 0 = 10 or h 0 = 35.5 and the path loss exponent is v = 3.6. Also, we assume that in equation ( Fig. 4 represents the coverage probability of the network versus the tilt angle of the BS. In this figure, different curves are related to different users distribution and heights. It is observed that for different users' height distribution, the optimum tilt angle varies significantly. The curves with a = 0 are related to the case that the interfering users are located on the ground and the a = 1 models the case that the interfering users are located in different heights above the ground. In addition, the curves with h 0 = 30.5 are related to the case that the typical user is on the ground and the h 0 = 10 models the case that the typical user is located in high altitude. The density of the BSs is assumed to be λ m = 10 −6 in this figure. Fig. 5 shows the same results when the density of the BSs is increased to λ m = 5× 10 −5 . It is observed that by increasing the density of the BSs, the optimum tilt angle slightly increases, but the optimum tilt angle as a function of users' height distribution, shows the same behavior. In addition, the variation of the coverage probability with the tilt angle is increased. 6 represents the coverage probability in terms of SIR threshold. In this figure, the 'blue' curve shows the case that the height of the typical user is h 0 = 10 and all the other users are distributed in different height above the ground. In this case, for each value of the SIR threshold, the optimum tilt angle is calculated and hence, the depicted coverage probabilities are the maximum values. The 'green' curve shows the case that the users have the same distribution but during finding the optimum tilt angle, it has been assumed that all users are placed on the ground. The 'red' one is also related to the 2D beamforming, omni-directional pattern in the vertical domain or α(β i , θ i jk ) = 1 in eq. (1). The density of the BSs is assumed to be λ m = 10 −6 in this figure. Fig. 7 shows the same results for λ m = 5×10 −5 . By comparing the Fig. 6 and 7 , we can observe that by increasing the BS density and hence reducing the average cell radius, more advantage is obtained of the optimal tilt angle by including height in the calculations. 
VI. CONCLUSION
In this paper, we have investigated the effect of users' height on the coverage probability of a 3D beamformingenabled multi-cell massive MIMO network. By deriving the coverage probability of the network in the asymptotic case of massive MIMO and using a SG approach, the optimum tilt angle of the BS antenna is found to maximize the coverage probability for various 3D user distributions. Then these optimum tilt angles are compared with the 2D case and also with the 3D beamforming case when the heights of the users are ignored. It is observed when the height of the users is taken into account, using the resulting tilt angle results in a substantially larger coverage probability. 
